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Abstract
With the advent of relativistic mechanics, the Lorentz transformation replaced the Galilean
transformation based on classical Newtonian mechanics among inertial frames at high
uniform velocities, but both transformations are based on Cartesian coordinate system,
hence position of particles obtaining linear velocities in space can be obtained. In case where
frames are rotating with constant angular velocity, use of Galilean rotational transformation
(GRT) is replaced by Franklin transformation, proposed by Philip Franklin in 1922. The
modified transformation introduced the concept of rotational motion of points in a rigid
body. Both the transformations are based on cylindrical coordinate system. Here we moved
a step further for making a relativistic transformation using spherical coordinate system for
understanding the behaviour of rotating frames along any axis in the space passing through
the center of mass of a symmetrical object (Sphere). We finally came to an understanding
about how Special Theory of relativity is found to be applicable in rotational motion using
different co-ordinate system.
1 Introduction
Rotational motion came into little significance in relativistic mechanics, due to prevalence of the concept
of motion of a particle with velocity less than the speed of light c. The “velocity” discussed in relativistic
mechanics is of rectilinear type, i.e., the rate of change of the magnitude of the component related to the
co-ordinates of the Cartesian co-ordinate system, with respect to time. For example, vx is the rate of change
of magnitude of component say x, in xˆ direction with respect to time t. Similarly, the rate of change of
magnitudes y and z in yˆ and zˆ direction respectively with respect to time t, is given by vy and vz respectively.
One of the important aspects of the Cartesian co-ordinate system is that all the components are of same
dimension, i.e. the length. But with the development of the concept of rotational motion, more forms of
co-ordinate systems were introduced, whose components need not have same dimensions, which are called
Curvilinear co-ordinates. Cylindrical and spherical co-ordinate systems are the examples. In Cylindrical
co-ordinates, the radial sˆ and zˆ components have same dimension of length but the angular φˆ component is
not of that dimension. Similarly for spherical co-ordinates, θˆ and φˆ components have same dimensions for
angle, but not of length which is of the rˆ component.
Hence, much of the transformations for relative frames of references, based on the rectilinear co-ordinates
where able to successfully describe both classical and special relativity by Galilean and Lorentz transfor-
mation respectively. But here come the question, what about the particle revolving around a fixed point
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with a fixed ”velocity”. In this case we cannot define velocity with respect to the usual definitions used
in rectilinear co-ordinate system, but we can easily do that with a curvilinear co-ordinate system. Hence,
the Galilean transformation for cartesian co-ordinate system was extended to both spherical and cylindrical
co-ordinate systems under the name of Galilean Rotational Transformation(GRT), which is discussed in the
next section. With time, in agreement with the concept of special relativity, the GRT was replaced by Franklin
Transformation for cylindrical coordinates and we tried to formulate how to make another transformation
with agreement to special relativity for spherical co-ordinates.
2 Galilean Transformation of Rotating Frames
To explain the Galilean transformation, we consider two different frames one is at rest and other one is
rotating with constant angular velocity Ω measured by the inertial observer. Using spherical coordinates,
we denote the space-time coordinates of the non-rotating frame by (t, r, θ, φ) and the rotating one by
(t′, r′, θ′, φ′). We can take two types of rotation one is along φ direction and another one is along the
θ-direction.
2.1 For rotation of frame along φ direction :
Let’s take two observers present in two frames S and S′ having a common origin (O). The frame S′ is
rotating around S frame with a uniform angular velocity Ωφ. Let’s take an arbitrary point P at a distance r
from the origin, in the space, and this point is observed from both of the frames.
From the Figure 1, since the frame S′ is rotating along φ direction, both frames S and S′ share a common
Z-axis. Let the coordinates of the point P be (t, r, θ, φ) for S frame and (t′, r′, θ′, φ′) for S′ frame. Hence, the
coordinates of point P in both frames are related by:
Y
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Figure 1: Rotation of co-ordinate axis along φ direction
t′ = t (1a)
r′ = r (1b)
φ′ = φ −Ωφt (1c)
θ′ = θ (1d)
Now differentiating both sides of the equations (1b), (1c) and (1d) with respect to t,
dr′
dt
=
dr
dt
(2a)
dφ′
dt
=
dφ
dt
−Ωφ (2b)
dθ′
dt
=
dθ
dt
(2c)
Since there is no movement along r direction and no rotation along θ direction.
Hence,
dr′
dt
=
dr
dt
= 0 (3a)
dθ′
dt
=
dθ
dt
= 0 (3b)
Now, let ωφ and ω′φ are the angular velocities observed in frame S and S
′ respectively.
Thus,
dφ′
dt
=
dφ
dt
−Ωφ (4a)
=⇒ ω′φ = ωφ −Ωφ (4b)
The above equation is previously discussed in [1].
2.2 For rotation of frame along θ direction :
Using conditions similar to φ rotation, let OP makes an angle θwith Z-axis of S frame and now the S′ frame
starts rotating along the θ direction with uniform angular velocity Ωθ.
From the Figure 2, since the frame S′ is rotating along θ direction. Let the coordinates of the point P be
(t, r, θ, φ) for S frame and (t′, r′, θ′, φ′) for S′ frame. Hence, the coordinates of point P in both frames are
related by:
t′ = t (5a)
r′ = r (5b)
θ′ = θ −Ωθt (5c)
φ′ = φ (5d)
Now equation (5d) may look non trivial. Since φ is the angle between X-axis and the horizontal projection
of OP, this angle is not changing while rotating the S′ frame along θ. So we can conclude φ′ = φ.
Similarly, let ωθ and ω′θ are the angular velocities observed in frame S and S
′ respectively.
Thus,
dθ′
dt
=
dθ
dt
−Ωθ (6a)
=⇒ ω′θ = ωθ −Ωθ (6b)
This equation is also previously discussed in [1]
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Figure 2: Rotation of co-ordinate axis along θ direction
3 Relativistic Transformation of Rotating Frames
For any relativistic transformation, like that of Lorentz or that of Franklin [4], following conditions are
required to be fulfilled:
1. If the point P is revolving with respect to moving frame along either φ or θ direction, the magnitude of
the tangential velocity must be independent of time, and is same for all the points at same distance from
the axis of rotation.
2. The equation of transformation must have the possibility to reduce into the equations for Galilean
transformation, i.e. the magnitude of tangential velocity will be much less than the speed of light c.
3.1 Transformation for boost along φ direction :
To describe the rotation, we can compare the frame S′ rotating with a constant angular velocity Ωφ, having
an axis along Z-direction. The point P is fixed with respect to S frame. The equation of transformations
must be similar to any linear Lorentz boost, with a difference that the linear distance is replaced by an arc
length of the disc lφ = rsφ, where rs is perpendicular distance of the point P from the axis of rotation(Z axis)
and we have rs = r sin(θ).
Considering the above conditions, following transformation laws can be obtained:
t′ = k(rs)
(
t − v(rs)rsφc2
)
(7a)
r′ = r (7b)
θ′ = θ (7c)
r′sφ′ = k(rs)(rsφ − v(rs)t) (7d)
Matrix form : We can express these equations by using a single matrix equation.
ct′
r′
r′θ′
r′sφ′
 =

k(rs) 0 0 −βk(rs)
0 1 0 0
0 0 1 0
−βk(rs) 0 0 k(rs)


ct
r
rθ
rsφ

where, k(rs) = 1√
1− (v(rs ))2
c2
is the Lorentz-type factor, v(rs) is the tangential velocity of point P observed in frame
S′ and β = v(rs)c .
3.2 Transformation for boost along θ direction :
To describe this rotation, we can compare the frame S′ rotating with a constant angular velocity Ωθ, having
an axis along (r × zˆ)-direction through the origin(O), which is co-planar to XY plane. Similar to previous
case here is also the point P is fixed. Here, the linear distance is replaced by an arc length of the disc lθ = rθ
and as the axis of rotation is passing through the origin we can say rs = r .
Similarly, another set of transformation laws are obtained:
t′ = k(rs)
(
t − v(rs)rθc2
)
(8a)
r′ = r (8b)
r′θ′ = k(rs)(rθ − v(rs)t) (8c)
φ′ = φ (8d)
Matrix form : Similarly here also, we can represent these equations by using a single matrix equation.

ct′
r′
r′θ′
r′sφ′
 =

k(rs) 0 −βk(rs) 0
0 1 0 0
−βk(rs) 0 k(rs) 0
0 0 0 1


ct
r
rθ
rsφ

4 Expression For Tangential Velocity for Spherical Co-ordinates
4.1 Expression for r in φ rotation :
According to Figure 3, let’s consider a sphere of radius r centered at origin (O) passing through point P.
Now suppose an observer is located at A on Z axis at a distance zφ from origin. Let rφ be the distance form
the observer to point P. Now consider a cross-section of the sphere of radius rs, parallel to XY plane, passing
through point P.
From the Figure 3, using Cosine rule in 4AOP we get,
r2φ = r
2 + z2φ − 2rzφ cosθ
By using, r = rs csc(θ) we obtain a Quadratic equation,
r2s csc
2(θ) − 2zφrs cot(θ) + (z2φ − r2φ) = 0
By using Quadratic equation formula we get,
rs = sin(θ)
[
zφ cos(θ) +
√
r2φ − z2φ sin2(θ)
]
Hence, the relation between zφ, rφ and r is given by
r =
[
zφ cos(θ) +
√
r2φ − z2φ sin2(θ)
]
So we can find the value of r for any arbitrary position of the observer on Z axis for any general point on
the surface of the sphere.
Yrφ
Ωφ
r
rs
zφ
θ
Z
X
A
B
O
P
Figure 3: Rotation along φ direction
4.2 Expression for v(rs) in φ rotation :
let’s consider a point P be fixed on the sphere of radius r, and both the point and the sphere (attached to
S′ frame) are rotating along φ direction with a constant angular velocity of Ωφ. In this case, unlike the
conditions mentioned in section 2.1 , here we are observing the point P attaining tangential velocity v(rs) in
S frame. Since in both conditions, frames are moving with an constant angular velocity Ωφ, the observed
tangential velocity v(rs) in both the cases will be equal.
Now to obtain the expression of v(rs) of the point P in spherical co-ordinates, we have to consider the
following Figure 4.
Now if we displace the point P to P′ radially by very small amount i.e. ∆r. The point P′ will be on an another
sphere of radius r + ∆r, and its tangential velocity will be v(rs + ∆rs). Since points P and P′ are collinear both
the velocities v(rs) and v(rs + ∆rs) are parallel to each other.
From the figure 4B′OP′ and 4BOP are similar we can say
r
rs
=
r + ∆r
rs + ∆rs
=⇒ ∆rs
∆r
=
rs
r
= sin(θ)
As mentioned in section 2.1 the equation of transformation of φ co-ordinate is given by,
r′sφ′ = k(r)(rsφ − v(rs)t) (9a)
Taking differential on both sides,
d(r′sφ′) = k(r)
(
d(rsφ) − v(rs)dt
)
(10a)
v(rs + ∆rs)
v(rs)
O
Z
∆r
A
r
θ
B
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P′
rs
rs + ∆rs
Y
X
Figure 4: Direction of v(r) and v(r + ∆r) in φ rotation
Now, taking the equation for transforming time(t) co-ordinate
t′ = k(r)
(
t − v(rs)rsφc2
)
(11a)
Taking differential on both sides,
dt′ = k(r)
(
dt − v(rs)d(rsφ)c2
)
(12a)
Now, by dividing equations (10a) & (12a) we get,
d(r′sφ′)
dt′
=
k(r)
(
d(rsφ) − v(rs)dt
)
k(r)
(
dt − v(rs)d(rsφ)c2
)
=⇒ d(r
′
sφ
′)
dt′
=
(
d(rsφ)
dt − v(rs)
)
(
1 − v(rs)
d(rsφ)
dt
c2
) (13a)
Now, d(rsφ)dt is the tangential velocity of point P
′ observed from frame S and d(r
′
sφ
′)
dt′ is the tangential velocity
of point P′ observed from point P in S′ frame.
Hence, d(rsφ)dt = v(rs + ∆rs) and
d(r′sφ′)
dt′ = Ωφ(rs + ∆rs − rs) = Ωφ(∆rs)
Hence, the above mentioned equation (13a) will be changed into
Ωφ(∆rs) =
v(rs + ∆rs) − v(rs)
1 − v(rs+∆rs)(v(rs))c2
=⇒ Ωφ =
v(rs+∆rs)−v(rs)
∆rs
1 − v(rs+∆rs)(v(rs))c2
Now we know that ∆rs → 0 So,
=⇒ Ωφ = lim
∆rs→0
v(rs+∆rs)−v(rs)
∆rs
1 − v(rs+∆rs)(v(rs))c2
=⇒ Ωφ =
dv(rs)
drs
1 − v2(rs)c2
=⇒ Ωφdrs
c2
=
dv(rs)
c2 − v2(rs)
Integrating both sides,
=⇒ Ωφ
c2
∫ rs
0
drs =
∫ v(rs)
0
dv(rs)
c2 − v2(rs)
=⇒ Ωφrs
c2
= ln
[c + v(rs)
c − v(rs)
]
× 1
2c
=⇒
[c + v(rs)
c − v(rs)
]
= e
2Ωφrs
c
=⇒ v(rs) = c
[
e
2Ωφrs
c − 1
e
2Ωφrs
c + 1
]
since, rs = r sin(θ), we get the final expression
v(r sin(θ)) = c
[
e
2Ωφr sin(θ)
c − 1
e
2Ωφr sin(θ)
c + 1
]
4.3 Expression for r & v(rs) in θ rotation :
Similar to section 3.2, let’s consider a point P be fixed on the periphery of a incompressible disc of radius
r, centered at O and both the point and the disc (attached to S′ frame) are rotating along θ direction with a
constant angular velocity of Ωθ. The axis of rotation is A′B′, along (r × zˆ)-direction through the origin(O),
as mentioned in section 2.2. In this case, unlike the conditions mentioned in section 2.2 , as the frame S′ and
the point P are moving together, we observe that point P is attaining tangential velocity v(rs) in S frame.
Since in both conditions, frames are moving with an constant angular velocity Ωθ, the observed tangential
velocity v(rs) in both the cases will be equal.
We can generalise this for any position of the observer on A′B′ axis. According to Figure 5 if the observer
is at B point and the distance of point P to B is rθ and let nθ be the distance of point B from origin. Then,
r =
√
r2θ − n2θ.
In this case the expression of v(rs) will be completely similar to that of φ rotation except here rs = r as the rs
is distance of point P from the axis A′B′.
v(rs) = v(r) = c
[
e
2Ωθr
c − 1
e
2Ωθr
c + 1
]
Y
Z
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Figure 5: Direction of v(r) and v(r + ∆r) in θ rotation
5 Final Transformation Laws For Rotating Frames
We have the general equation of v(rs) as
v(rs) = c
[
e
2Ωrs
c − 1
e
2Ωrs
c + 1
]
we know that tanh x =
e2x − 1
e2x + 1
[5]
Hence,
v(rs) = c tanh
(
Ωrs
c
)
The value of k(rs) is given by,
k(rs) =
1√
1 − (v(rs))2c2
=⇒ k(rs) = 1√
1 − (c tanh( Ωrsc ))2c2
=⇒ k(rs) = 1√
1 − (tanh Ωrsc )2
=⇒ k(rs) = cosh
(
Ωrs
c
)
Now,
βk(rs) = tanh
(
Ωrs
c
)
× cosh
(
Ωrs
c
)
= sinh
(
Ωrs
c
)
So, the final matrix equation for φ rotation will be :

ct′
r′
r′θ′
r′sφ′
 =

cosh
(
Ωrs
c
)
0 0 − sinh
(
Ωrs
c
)
0 1 0 0
0 0 1 0
− sinh
(
Ωrs
c
)
0 0 cosh
(
Ωrs
c
)


ct
r
rθ
rsφ

The final matrix equation of θ rotation will be :

ct′
r′
r′θ′
r′sφ′
 =

cosh
(
Ωrs
c
)
0 − sinh
(
Ωrs
c
)
0
0 1 0 0
− sinh
(
Ωrs
c
)
0 cosh
(
Ωrs
c
)
0
0 0 0 1


ct
r
rθ
rsφ

6 Expression For Centripetal Acceleration
Let a(rs) be the centripetal acceleration of point P in both cases( θ and φ rotation), then expression for a(rs)
will be :
a(rs) =
dv(rs)
dt
= v(rs)
d(v(rs))
drs
=⇒ a(rs) = c tanh
(
Ωrs
c
)d(c tanh (Ωrsc ))
drs
=⇒ a(rs) = Ωc tanh
(
Ωrs
c
)
sech2
(
Ωrs
c
)
7 Reduction of Relativistic Transformation to Galilean Approximation
Since, We have the equation,
v(rs) = c tanh
(
Ωrs
c
)
We are using Taylor approximation of the functions to reduce it.
Let,
f (x) = tanh (x)
So, Taylor Approximation of the function is
f (x) ≈ P(x) = x − x
3
3
+
2x5
15
− · · ·
So whenever,
Ωrs
c
<< 1
we can say
v(rs) = c tanh
(
Ωrs
c
)
=⇒ v(rs) = c
[
Ωrs
c
− Ω
3rs3
3c3
+ · · ·
]
=⇒ v(rs) = c × Ωrs
c
=⇒ v(rs) = Ωrs
Again for the equation of acceleration
a(rs) = Ωc tanh
(
Ωrs
c
)
sech2
(
Ωrs
c
)
So Let
f (x) = tanh (x) sech2 (x)
Hence the Taylor expansion of the function follows
f (x) ≈ P(x) = x − 4x
3
3
+
17x5
15
− · · ·
So whenever,
Ωrs
c
<< 1
we can say
a(rs) = Ωc tanh
(
Ωrs
c
)
sech2
(
Ωrs
c
)
=⇒ a(rs) = Ωc
[
Ωrs
c
− 4Ω
3rs3
3c3
+ · · ·
]
=⇒ a(rs) = Ωc × Ωrs
c
=⇒ a(rs) = Ω2rs
So, for both of the final expression of v(rs) and a(rs) have been reduced to the classical form.
8 Graphical Nature
So we have the expression,
v(rs) = c tanh
(
Ωrs
c
)
Now the following graph represent the variation of v(rs) with rs.
Figure 6: Variation of v(rs) vs. rs
From the graph (Figure 6) we can see that there is a horizontal asymptote at c = 3×108m/s , we can conclude
that v(rs) will never go beyond c. Here we have taken Ω = 1 rad/s, but for any values of Ω, v(rs) will never
cross c.
Now for Acceleration, we have
a(rs) =
dv(rs)
dt
= v(rs)
d(v(rs))
drs
For the equation for acceleration, we can say that the magnitude of centripetal acceleration is directly
proportional to the product of v(rs) and slope of the graph between v(rs) and rs. Now initially, since the
equation of v(rs) behaves similar to that for Galilean transformation, the slope of the graph remains constant
and a(rs) increases with respect to the value of v(rs). However, after a particular point, the slope of the
graph decreases and hence after a certain point, it dominates over the increasing value of v(rs) resulting in
decrease in the value of a(rs). Finally, as rs → ∞, v(rs) → c but dv(rs)drs → 0 and therefore, a(rs) → 0. We can
Figure 7: Variation of a(rs) vs. rs
also calculate at which value of rs, a(rs) attains maximum.
d[a(rs)]
drs
= 0
=⇒ 2 tanh2
(
Ωrs
c
)
− sech2
(
Ωrs
c
)
= 0
=⇒ sinh2
(
Ωrs
c
)
=
1
2
=⇒ Ωrs
c
= arcsinh
( 1√
2
)
=⇒ Ωrs
c
= ln
(1 + √3√
2
)[
As we know that arcsinh (x) = ln
(
x +
√
x2 + 1
)]
=⇒ rs = c
Ω
ln
(1 + √3√
2
)
Here we have taken Ω = 1 rad/s so we have rs = 3 × 108 × ln
(
1+
√
3√
2
)
= 1.975 × 108 m
Now as mentioned before after a particular point the slope of the graph of v(rs) vs rs decreases, we have
found that the third order derivative i.e. d
3(v(rs)
dr3s
= 0 at rs = 1.975 × 108 m, if Ω = 1 rad/s. That means after
rs = 1.975 × 108 m as rs increases v(rs)→ c and a(rs)→ 0.
Now for value of rs, the corresponding value of v(rs) at Ω = 1 rad/s is given by
v(rs) = c × tanh
( rs
c
)
m/s
=⇒ v(rs) = c × tanh
[
ln
(1 + √3√
2
)]
m/s
=⇒ v(rs) = c × 1
coth
[
ln
(
1+
√
3√
2
)] m/s
=⇒ v(rs) = c × 1
coth
[
ln
(√
(1+
√
3)2
2
)] m/s
=⇒ v(rs) = c × 1
coth
[
1
2 ln
( √
3+1√
3−1
)] m/s
=⇒ v(rs) = c√
3
m/s = 1.732 × 108 m/s
(
As we know that, arccoth (x) =
1
2
ln
(x + 1
x − 1
)
∀ x > 1
)
Hence, we can say that when the magnitude of v(rs) reaches value of 1.732 × 108 m/s or around 57.7% of
the speed of light c, the magnitude of tangential acceleration a(rs), attains peak value, beyond which, it
decreases to zero.
9 Lorentz Invariance of proven relativistic transformation
The theory of Lorentz Invariance says that, the laws of physics are invariant under a transformation between
two co-ordinate frames moving at constant constant velocity w.r.t. to each other i.e. the transformation we
formulated here should be invariant at both frame of references. Whenever we talk about the transformation
of spherical co-ordinates from (ct, r, rθ, rsφ) to (ct′, r′, rθ′, rsφ′), the value four dimensional length, let’s say
that the space-time interval, denoted by S2 should be invariant at both frame of reference.
Therefore we have to prove that,
S2 = (ct′)2 − (r′)2 − (r′θ′)2 − (r′sφ′)2 = (ct)2 − (r)2 − (rθ)2 − (rsφ)2
Now we take the transformation of φ Co-ordinate,
ct′
r′
r′θ′
r′sφ′
 =

cosh
(
Ωrs
c
)
0 0 − sinh
(
Ωrs
c
)
0 1 0 0
0 0 1 0
− sinh
(
Ωrs
c
)
0 0 cosh
(
Ωrs
c
)


ct
r
rθ
rsφ

Now following the transformation laws we have,
S2 = (ct′)2 − (r′)2 − (r′θ′)2 − (r′sφ′)2
=
[
cosh
(
Ωrs
c
)
ct − sinh
(
Ωrs
c
)
rsφ
]2
− (r)2 − (rθ)2 −
[
− sinh
(
Ωrs
c
)
ct + cosh
(
Ωrs
c
)
rsφ
]2
=
[
cosh2
(
Ωrs
c
)
c2t2 + sinh2
(
Ωrs
c
)
r2sφ
2 − 2 cosh
(
Ωrs
c
)
sinh
(
Ωrs
c
)
ctrsφ
]
− (r)2 − (rθ)2
−
[
sinh2
(
Ωrs
c
)
c2t2 + cosh2
(
Ωrs
c
)
r2sφ
2 − 2 cosh
(
Ωrs
c
)
sinh
(
Ωrs
c
)
ctrsφ
]
= c2t2
[
cosh2
(
Ωrs
c
)
− sinh2
(
Ωrs
c
)]
− (r)2 − (rθ)2 − r2sφ2
[
cosh2
(
Ωrs
c
)
− sinh2
(
Ωrs
c
)]
= (ct)2 − (r)2 − (rθ)2 − (rsφ)2
(
As we know that, cosh2(x) − sinh2(x) = 1
)
So, we can see that the transformation of φ Co-ordinate is Lorentz Invariant. Similarly, we can show that
the transformation for θ Co-ordinate will also be Lorentz Invariant.
10 Validity of Special Theory of Relativity in Curvilinear co-ordinates
Applicability of Special Theory of Relativity (STR) is not centralized upon accelerated motion to be consid-
ered, it is based upon how you define acceleration in a coordinate system. Since Cartesian coordinate system
is rectilinear, acceleration is simply defined as rate of change of velocity along any component of x-axis,
y-axis and z-axis respectively. In other words, it is also defined as the double derivative of displacement
along any component with respect to time. STR is easily applicable since all is there up to when there is no
velocity varying with time.
Now it is true that circular motion is accelerated and involves centrifugal force, but the real cause of
acceleration is due to change in direction rather than change in magnitude of velocities. In rectilinear or
Cartesian coordinate system, the circular motion seems accelerated because the components of velocities
in any direction are varying with time. But in curvilinear coordinate system under our consideration, all
components of velocities are constant and do not vary with time. Hence STR to that extent in curvilinear
system is applicable, but not in Cartesian coordinate system. As referring to the Famous quote by Feynman
[2], “There is no relativity of rotation”.
It is not possible to keep a free moving body or particle to have all the velocity components constant with
time in a curvilinear coordinate system without a radial force acting on it, due to tendency of free moving
body to undergo curvilinear motion. Hence force and acceleration values will be available as calculated,
but those will be just the cause of motion, rather than affecting the motion itself. If we think the applicability
of General Theory of Relativity (GTR), it will be still difficult to understand how centripetal as well as
centrifugal force acting on the particle under observation (present on the sphere) will affect the space-time
as well as the path of the object with time since we didn’t specify the cause and type of force responsible for
circular motion of the body and irrespective of its type, the trajectory of the particle remains same.
In case of light, one direct conclusion is that due to its rectilinear nature of propagation, it’s not possible
to completely define the path in terms of curvilinear coordinate system. Any particle undergoing circular
motion with the absolute speed of light will experience no acceleration along radial direction, which means
the circular motion is inconsistent in that speed, as the net force along the radial direction is zero. Hence in
conclusion, no photon can be confined around a single point. The above conclusion seems to be refuted that
Light can never be confined around a single point, as we know that Fibre optics can change the direction of
light, making a curvilinear trajectory.
Figure 8: Light confined in a Fiber Optic Cable
From the above Figure 8, it can be easily seen that light can be made to move around a point, i.e. the
center of the fibre optic cable. In the cable, we observe that photons are undergoing successive total internal
reflections. Hence the effective tangential velocity of the photons is less than the absolute speed of light.
Also the photons are still undergoing rectilinear propagation, but along a curved path. Now suppose we
consider the width of the fibre optic cable to be very small, comparable to the dimension of the photon as a
particle. With that, it can be argued that the effective tangential velocity of the photon will be made equal
to the speed of light.
But here is a catch. Suppose let ρ0 be the radius of the photon. Then we can have the width L of the fibre
optic cable. Let light consist of two photons only, and they are just moving along the fiber optic cable. Now
let the system is analogous to "Two" particles in a box[3] of width L = 2ρ0. Hence the Wave function of each
particle is given by, Ψn(x) =
√
1
ρ0
sin
(
npix
2ρ0
)
. So Expectation value of position of each photon 〈x〉 is given by
〈x〉 =
∫ 2ρ0
0
Ψ∗n(x)xΨn(x)dx
=⇒ 〈x〉 =
∫ 2ρ0
0
1
ρ0
x sin2
(
npix
2ρ0
)
dx
=⇒ 〈x〉 = ρ0
Since each photon is expected to be found at x = ρ0 , we can say that both of the photons are expected to
be found at the same position at any given interval of time, which is completely absurd according to the
dimension of the fibre optic cable. Hence, our assumption for taking the width of the optic cable to the
dimension of the size of photon is invalid and hence the effective tangential velocity of the photon can never
be equal to the speed of light c.
11 Conclusion
We have discussed in our paper a proposed relativistic rotational transformation for spherical coordinates
from existing Franklin transformation based on cylindrical coordinates. In this, we related coordinates
of an inertial static frame to the frame rotating around a common axis with constant angular velocity Ωφ
and Ωθ along direction of azimuth (φ) and zenith (θ) angle respectively. We also discussed how the actual
tangential velocity and angular velocity are related with respect to this relativistic transformation. Although
it looks similar to Franklin transformation, but while introducing the concept of this proposed rotational
transformation, we tried to use certain standard physical quantities like distance of the point from the
rotational axis, denoted by rs and its significance with changing direction of rotation. Based on it, a new
form of rotational kinematics can be obtained, which always reduces to Galilean approximations when the
magnitude of tangential velocity is around its classical limits.
We also discussed the behaviour of both tangential velocity and centripetal acceleration with increasing
value of distance of the point under observation, revolving around an axis with fixed angular velocity Ω.
Another thing we can say is that in actual, since magnitude of tangential velocity v(rs) is dependent upon
a function of Ω and rs , similar conclusions can also be drawn for varying magnitude of Ω and a fixed
distance from the rotating axis. We can also conclude that the formulations are consistent with its physical
significance, concluding that any massive particle reaching speed of light can never be completely confined
in a rotating system, since the centripetal acceleration responsible for its confinement always reduces to
zero. Now we also considered a possible system to refute the argument about confinement of light around
a single point using example of fibre optic cable. But also proved how this system is consistent with the
given argument. Finally, we provided an explanation about how STR is valid for curvilinear co-ordinates,
even with the presence of forces and accelerated motion.
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